We apply the H-FGK formalism to the study of some properties of the general class of black holes in N = 2 supergravity in four dimensions that correspond to the harmonic and hyperbolic ansätze and obtain explicit extremal and non-extremal solutions for the t 3 model with and without a quantum correction. Not all solutions of the corrected model (quantum black holes), including in particular a solution with a single q 1 charge, have a regular classical limit. a
Introduction
In [1, 2] a new formalism for constructing single-center, static, spherically-symmetric black-hole solutions of N = 2, d = 4 supergravity coupled to vector multiplets was proposed. 1 It is based on rewriting the effective FGK action [8] in terms of a set of functions ("H-variables") of the original dynamical fields, chosen in such a way that they are real and transform linearly under duality. The appropriate choice, which significantly simplifies the equations of motion, can be made with the same algorithm for all supergravity prepotentials and for both extremal and non-extremal black holes. Substituting an ansatz for the H-variables (in [9] taken to be harmonic and hyperbolic for, respectively, extremal and non-extremal solutions 2 ) transforms the equations of motion into a system of ordinary equations on the parameters of the ansatz in many examples.
This new formalism should simplify considerably the construction of new black-hole solutions and their systematic study, as it has been shown in the N = 2, d = 5 case [3, 4, 7] . So far, the construction of black-hole solutions demanded the use of a specific ansatz for each type of solution which had to be plugged into the equations of motion and checked in detail with considerable effort and, in general, with meaningful loss of generality, although, eventually, very general ansätze were proposed. The supersymmetric solutions of ungauged N = 2, d = 4 supergravity coupled to vector supermultiplets, which are the only theories we are going to study and discuss here, were constructed in this way in a long series of papers [11, 12, 13, 14, 15, 16] . The effect of the inclusion of R 2 corrections was studied in ref. [17] . The outcome of all this work was a very general recipe that allows the systematic construction of supersymmetric black-hole solutions from harmonic functions. The same general class of solutions was eventually shown to contain regular stationary multicenter black holes [18, 19] . The complete generality of the construction has been proven by the use of supersymmetry methods in [20] . For extremal non-supersymmetric black holes [21] no completely general construction procedure is known, although some general solutions of families of theories have been found such as for the almost-BPS ones [22, 23] , those of the cubic models [24] which originate from more particular examples [25, 26, 27, 28] and the interacting non-BPS solutions of ref. [29] . In the non-extremal case, the situation is much worse: only a few examples of general non-extremal black-hole solutions are known [9] . The H-FGK formalism can improve this situation.
Our goals in this paper are similar to those of ref. [7] in the 5-dimensional context: firstly to derive useful model-independent relationships between the quantities appearing in the H-FGK formalism and the physical characteristics of the solutions, in sec. 2, and secondly to use them in sec. 3 for finding explicit examples of black holes in the t 3 model with a quadratic correction to the prepotential, whose string-theoretical origin we recall in appendix A. We restrict ourselves to solutions described by harmonic and hyperbolic functions (for the discussion of generality of these ansätze see refs. [30, 31] ). Sec. 4 contains our conclusions.
The H-FGK formalism for N = 2, d = 4 supergravity
In this section we briefly review the H-FGK formalism for theories of N = 2, d = 4 supergravity coupled to n vector multiplets, following [2] , whose conventions we use.
As shown in [1, 2] , searching for single-center, static, spherically symmetric black-hole solutions of an N = 2, d = 4 supergravity coupled to n vector multiplets (and, correspondingly, including n complex scalars Z i and n + 1 Abelian vector fields A Λ µ ) with electric (q Λ ) and magnetic (p Λ ) charges described by the 2(n + 1)-dimensional symplectic vector (Q M ) ≡ (p Λ , q Λ ) T is equivalent to solving the following equations of motion for 2(n + 1) dynamical variables that we denote by H M (τ ) and identify below with a certain combination of physical fields:
In these equations r 0 is the non-extremality parameter, we use the symplectic form (Ω M N ) ≡ 0 I −I 0
and Ω M N = Ω M N to lower and raise the symplectic indices according to the convention
and W(H) is the Hesse potential. 3 For a theory defined by the covariantly holomorphic symplectic section V M , the Hesse potential can be found as follows: introducing a complex variable X with the same Kähler weight as V M , we can define the Kähler-neutral real symplectic vectors
The components R M can be expressed in terms of the I M , to which process we refer later as solving Freudenthal duality equations. 4 Then, the Hesse potential, as a function of the components I M is given by W(I) ≡ R(I) | I ≡ R M (I)I M , (2.5) and identifying I M = H M we get W(H). We can use R M to define dual variables:
Given a solution H M (τ ) of the equations (2.1) and (2.2), the warp factor e 2U of the spacetime metric
takes the form e −2U = W(H) (2.8) and the scalar fields are given by
The equations of motion (2.1) can be derived from the effective action
(2.10) Then, eq. (2.2) is nothing but the Hamiltonian constraint associated with the τ -independence of the action, with a particular value of the integration constant, which we cannot change because it is part of the transverse metric ansatz.
If we contract the equations of motion (2.1) with H P and use the homogeneity properties of the different terms and the Hamiltonian constraint eq. (2.2), we find a useful equatioñ
which corresponds to that of the variable U minus the Hamiltonian constraint in the standard formulation. 5 In what follows we shall impose on the variables H M the constrainṫ
In the supersymmetric (hence, extremal) case it has been shown [33] that this constraint enforces the absence of NUT charge: a non-zero NUT charge would lead to a non-static metric with string-like singularities. Here, this condition is nothing but a possible simplifying assumption which does not imply non-staticity since staticity has been assumed in this formalism form the onset. Here we take it as a convenient ansatz and leave the possibility and implications of violating this constraint to be studied elsewhere [30, 31] . The above constraint simplifies eq. (2.11) 13) which can be solved by harmonic (in the extremal r 0 = 0 case) or hyperbolic (in the non-extremal r 0 = 0 case) ansätze for the variables H M , satisfying
These are the ansätze that we will use in the rest of the paper, bearing in mind that they are adapted to the additional constraint (2.12) that we impose by hand. Taking into account this constraint, the equations that need to be solved are:
It is also useful to have the expression of the black-hole potential as a zeroth-degree homogeneous function of the variables H M :
Extremal black holes
As explained above, for extremal black holes we take H M (τ ) to be harmonic in Euclidean R 3 , i.e. linear in τ : 6 19) where A M and B M are integration constants to be determined as functions of the independent physical constants (namely, the charges Q M and the values of the scalars at spatial infinity Z i ∞ ) by using the equations of motion (2.15)-(2.17) and the asymptotic conditions. 6 Known non-supersymmetric extremal solutions that do not conform to this ansatz do not satisfy constraint (2.12) either [28, 30] . On the other hand, the representation of a solution in terms of the H M may not be unique and the harmonicity or the fact that the constraint eq. (2.17) is satisfied may not always be a characteristic feature of a solution [31] .
The equations of motion for the above ansatz can be written in a simple and suggestive form 7
Observe that the first two equations are automatically solved for B M = Q M , which corresponds to the supersymmetric case. The third equation then takes the form A M Q M and still has to be solved, which can be done generically [18, 19] as we are going to show. Furthermore, observe that the Hamiltonian constraint (2.21) is equivalent to the requirement that the black-hole potential evaluated on the solutions has the same form in terms of the fake central charge which we can define for any symplectic (fake or not fake) charge vector B M bỹ
as in terms of the actual central charge
The asymptotic conditions take the form 26) but can always be solved, together with (2.22), as follows: if we write X as 27) then, from the definition (2.4) of I M we get 28) and, at spatial infinity τ = 0, using asymptotic flatness (2.25)
Now, to determine α ∞ we can use (2.22) and the definition of fake central charge (2.23) . Observe that 
The sign of A M should be chosen to make H M finite (and, generically, the metric non-singular) in the range τ ∈ (−∞, 0). The positivity of the mass is a physical condition that eliminates some singularities of the metric. As we shall see in eq. (2.40), this requirement singles out the upper sign in the above formula.
Having reduced the problem of finding a complete solution to the determination of the constants B M that must satisfy equations (2.20) and (2.21) as functions of the physical parameters Q M , Z i ∞ , it is useful to analyze the near-horizon and spatial-infinity limits of these two equations. The nearhorizon limit of (2.21) plus the definition of the fake central charge lead to the following chain of relations 8 S
where S is the Bekenstein-Hawking black hole entropy andZ(B, B) is the near-horizon value of the fake central charge. The last of these relations, together with the condition (2.24) imply that, on the horizon, the fake central charge reaches an extremum
The near-horizon limit of (2.20) leads to 35) which says that the B M extremize the value of the black-hole potential on the horizon. Since the black-hole potential is invariant under a global rescaling of the H M , the solutions (that we generically call attractors B M ) of these equations are determined up to a global rescaling, which can be fixed by imposing eq. (2.21). The B M must transform under the duality group of the theory (embedded in Sp(2n + 2, R)) in the same representation as the H M , the charges Q M and the constants A M . In certain cases this poses strong constraints on the possible solutions, since building from Q M and Z i ∞ an object that transforms in the right representation of the duality group and has dimensions of length squared may be far from trivial. A possibility that is always available is the Freudenthal dual defined in ref. [34] , generalizing the definition made in ref. [35] . Freudenthal duality in N = 2, d = 4 theories can be understood as the transformation from the H M to theH M (H) variables. The same transformation can be applied to any symplectic vector, such as the charge vector. Then, in our notation and conventions, the Freudenthal dual of the charge vector,Q M , is defined bỹ
It is not difficult to prove that this duality transformation is an antiinvolutioñ 37) and using eq. (2.5) to show that
With more effort one can also show that the critical points of the black-hole potential are invariant under Freudenthal duality [34] . Therefore, as B M = Q M is always an attractor (the supersymmetric one),
will always be another attractor.
Let us now consider the spatial-infinity limit, taking into account the definition of the mass in these spacetimes and the definition of the fake central charge
As mentioned before, to have a positive mass we must use exclusively the upper sign in (2.31) and (2.32) and we do so from now onwards. In the supersymmetric case, when B M = Q M and the fake central charge becomes the true one, this is the supersymmetric BPS relation. The asymptotic limit of (2.21) plus (2.24) and the above relation give
which, when compared with the general BPS bound [8] , leads to the identification of the scalar charges Σ i with the values of the covariant derivatives of the fake central charges at spatial infinity
First-order flow equations
First-order flow equations for extremal BPS and non-BPS black holes can be easily found following [36] but using the generic harmonic functions (2.19): let us consider the Kähler-covariant derivative of the inverse of the auxiliary function
where we have used the normalization of the symplectic section in the first step, the property DV | V * = 0 in the second, the Kähler-neutrality of V/X in the third, DV * | V * = V * | V * = 0 in the fourth, the definition of I = H in the fifth, and the ansatz (2.19) 
is the pullback of the Kähler connection 1-form, we find the standard first-order equation for the metric function U :
Let us now consider the differential of the complex scalar fields:
where we have used the same properties as before. To put this expression in a more conventional form we can use the covariant holomorphicity ofZ writing 47) and plugging this result in the expression above:
It is easy to check that these first order equations imply the second-order equations of motion
with Γ jk i = G il * ∂ j G kl * , which coincide with the original ones if
for any Z i (not just for the solution; see the remark in footnote 7).
Non-extremal black holes
Previous experience [9] (see also [1] and, further, [10, 7] for 5-dimensional examples) suggests that a suitable ansatz for the variables H M for non-extremal black holes of N = 2, d = 4 supergravity, compatible with the constraint (2.12), is
for some integration constants A M and B M that, as in the extremal case, have to be determined by solving the equations of motion and by imposing the standard normalization of the physical fields at spatial infinity. Using this ansatz, the equations of motion (2.15)-(2.17) take the form
where we have used the third equation and the homogeneity properties of the Hesse potential W in order to simplify the first two.
In the non-extremal case we can define several fake central charges: 56) with the shifted coefficients
Imposing the same asymptotic conditions on the fields as in the extremal case and the condition (2.55), we arrive again at (2.32). Left to be determined from the equations of motion are then only the constants B M and the non-extremality parameter r 0 .
The mass is given again by eq. (2.40) and the expressions for the event horizon area (+) and the Cauchy horizon area (−) are
In the near-horizon limit, the equations of motion, upon use of the above formulae for the area of the event horizon, lead to the following relations
which generalize eqs. (2.33) and (2.35) to the non-extremal case. In the last relation we have used the identity
The right-hand side of eq. (2.60) vanishes if A M ∝ B M . This is a special case that we study in section 2.2.2. Another possibility is that F ΛΣ and hence also M M N (F) are constant, as happens in quadratic models. In general, however, ∂ P V bh (B ± ) = 0 and we conclude that the values of the scalars on the horizon of a non-extremal black hole do not necessarily extremize the black-hole potential.
First-order flow equations
The derivation carried out for extremal black holes in section 2.1.1 can be straightforwardly extended to the non-extremal case. As in the 5-dimensional case studied in ref. [7] , one defines a new coordinate ρ and a function f (ρ)
so that the hyperbolic ansatz (2.52) for H M can be rewritten in the "almost extremal form":
Then, following the same steps that led to eqs. (2.45) and (2.65), one can obtain the first-order flow equations:
where we have introduced the hatted warp factorÛ = U + log f . Similarly to the extremal case, it is not difficult to show that this first-order flow implies the second-order equations:
plus the constraint 9 dÛ dρ
but now with respect to the new variable ρ and the new functionÛ . In order to compare these equations with the actual second-order equations for the warp factor and the scalars we have to rewrite them in terms of the variable τ and rescaleÛ to U . For the former, by using d/dρ = f 2 d/dτ and eq. (2.64), one finds:
from which follows the relation between the true and the fake black hole potential that must hold for the above second-order equations to imply the equations of motion:
The same condition ensures that the constraint eq. (2.68) implies the standard Hamiltonian constraint.
For the scalar equations we find the condition
No other conditions need to be satisfied for the first-order equations to imply all the second-order equations of motion. Taking the derivative with respect to ρ of eq. (2.70) we find that, if this relation is satisfied for any Z i (or any H M ), then the last equation is also satisfied, as are all the second-order equations. Evaluating eq. (2.70) at spatial infinity (τ = 0, which corresponds to ρ = 0) we find the following relation between the charges, the fake charges, the asymptotic values of the moduli and the nonextremality parameter:
(2.72) 9 Observe that the right-hand side of this equation is not r 2 0 .
Non-extremal generalization of doubly-extremal black holes
For non-extremal black holes whose scalars are constant over the whole spacetime, it is possible to solve the equations of motion of the H-FGK system with the hyperbolic ansatz (2.52) in a modelindependent way, i.e. for any theory of N = 2, d = 4 supergravity. Given the constancy of the scalars we assume
where the constants A M are given by eq. (2.32).
Using the proportionality of the B M and A M in the τ → 0 − or τ → ±∞ limit of eq. (2.53) we get
which proves that the scalars must assume attractor values Z i ∞ = Z i att that are a stationary point of the black hole potential, just as in the extremal case. We can thus use eq. (2.33), which gives the value of the black-hole potential at the horizons in terms of the fake central charge thereZ(B, B) (not
The proportionality constant between B M and A M is easily determined to be −W 1/2 (B) by using the normalization at infinity W(A) = 1 and choosing the sign so as to make the functions H M = 0 for τ ∈ (−∞, 0). Then we can write
and
A relation between the value of W 1/2 (B) and physical parameters and r 0 can be found by taking the τ → 0 − limit of eq. (2.54):
Another relation comes from the definition of mass M =U (0),
Using the proportionality between A M and B M we find that
The final expression for the functions H M (τ ) is, regardless of the details of the model:
82)
where the non-extremality parameter, upon use of eq. (2.76), is given by
One-modulus quantum-corrected geometries
We shall now use the formalism developed in the last section to explore the black-hole solutions of one-modulus quantum-corrected models that typically appear as one-modulus Calabi-Yau compactification of type II string theory. For one-modulus models of this kind the perturbative prepotential F pert can be brought to the form:
where the correction is encoded in the model-dependent positive constant c, κ 0 1,1,1 is the triple intersection number and the hat indicates that we are working in a possibly rotated (by a symplectic matrix) frame of the homogeneous coordinates {X 0 , X i } of the moduli space. In what follows we take the explicit example of the type IIA superstring compactified on the quintic Calabi-Yau manifold (κ 0 1,1,1 = 5), which we review in the appendix. For the sake of simplicity and in order to be able to make a comparison, in the following we first study the uncorrected model corresponding to the prepotential F 0 IIA ≡ F pert IIA (c = 0) and only afterwards the general case of eq. (3.1).
Uncorrected case: the t 3 model
In this section we consider the tree-level prepotential:
In terms of the coordinate t = X 1 /X 0 the Kähler potential and metric are given by:
whereas the covariantly holomorphic symplectic section is
and the central charge, its covariant derivative, the black-hole potential and its partial derivative read:
In the above:Ẑ
Notice all these objects are well defined only for ℑm t > 0. Furthermore, it must be taken into account that the theory given by the tree-level prepotential is a good approximation to the full theory only when |t| ≫ 1.
Extremal solutions
Extremal solutions are associated with the critical points of the black-hole potential. Following from eqs. (3.6) and (3.8), there are two kinds of critical points:
For generic (non-vanishing) values of the charges, there exist three complex solutions for the critical values t att , but at most two can be physical (ℑm t > 0). Their expressions are complicated and will be recovered below by taking the appropriate limits in the solutions.
2. Non-supersymmetric [37, 38] , whenŴ = 0 and
The extremal BPS solutions can be constructed by the procedure explained in section 2.1. The Freudenthal duality equations can be solved in a general way [39] and the metric function and scalar field read:
. 
On the horizon, the values taken by these fields can be found by replacing the harmonic functions
.
(3.14)
The values of the fields on the horizon are well defined only if the charges are such that the entropy and, hence, W(Q) is real and non-vanishing and if ℑm t > 0. Furthermore, in order to be able to write the above expressions we have assumed that p 0 > 0. Then, the conditions that the charges must satisfy are
The analysis of the possible values of the charges in the most general case is complicated and unilluminating, so we will not attempt it here. The inequalities (3.15)-(3.17) must be extended to the H M in order to guarantee the regularity of the solution. The first-order flow equations imply that the metric function grows monotonically from spatial infinity to the event horizon, therefore it is enough to give it admissible values there to ensure that it does not vanish for any value of τ ∈ (−∞, 0). A similar argument applies to the scalar field. 10 Because the general supersymmetric solution turns out to be very difficult to deform into the general non-extremal solution, we consider a simpler three-charge case with p 0 = 0. The supersymmetric solution (with H 0 ∞ = 0 as well) takes the form:
For this simpler charge configuration it is also possible to directly study the stationary points of the black hole potential to find a non-supersymmetric critical point given by:
and the corresponding entropy:
They differ from the supersymmetric case by the sign of the discriminant
Rather than trying to construct the corresponding solutions directly, we shall obtain them as a limit of the non-extremal solution that we construct using the general procedure discussed in the previous section.
Non-extremal solution with p 0 = 0
As we showed in section 2.2, by using the ansatz 
23)
24)
where we have defined
26)
The coefficients A M can be determined by using the general expression (2.32) and in our case turn out to be:
27)
28)
From the relation M =U (0) the mass is found to be
One can invert this expression to obtain r 0 in terms of the physical parameters M , ℑm t ∞ , p 1 , q 0 : This result allows one to obtain the expression for the mass in the extremal limit r 0 → 0, namely:
(3.32) It is easy to check that M > 0. As mentioned at the end of the previous section, when s Λ = sgn(Λ) is positive, the solution is supersymmetric (see table 1 ), in which case the anharmonic function H 0 = A 0 cosh(r 0 τ ) + B 0 r 0 sinh(r 0 τ ) becomes for r 0 → 0:
whereas in the non-supersymmetric case:
The extremal limit for
H 1 is in turn:
Accordingly, for the warp factor after some simplification one obtains 36) where the plus holds for supersymmetric solutions and the minus for non-supersymmetric. The entropies associated with the outer (τ → −∞) and inner (τ → +∞) horizon can be computed to be respectively:
ℑm t 2 ∞ (3.37)
By taking the limit r 0 → 0 the extremal black hole entropy is recovered from both S + and S − and their product satisfies the geometric mean property
Quantum-corrected case
For the quantum-corrected model of type IIA superstring on the quintic, whose prepotential can be brought to the form (3.1) by a symplectic rotation of the coordinate frame (see the appendix), the covariantly holomorphic period vector reads:
where (in the compactification we are considering) c = 25 π 3 ζ(3) ≈ 0.969204. Because the general case is very complicated, we deal only with two-charge and three-charge black holes.
Supersymmetric solution withQ
The relations between the two pairs of charges in the rotated frame and in the original one are:
By solving the equation for the extremal supersymmetric case one finds: 11 t = s i i 2 5
with
while s i = −1 for 2 5q
so that ℑm t lies in the allowed domain (A.48) (for other values of the charges the supersymmetric solution simply does not exist). By using (2.32) one can determine the constant part of the harmonic functions:
. (3.45) 11 As the H M in the original frame do not appear (andĤ M has been already used with a different meaning in eq. (2.62)), we suppress the hats on the rotated H M .
Notice that two disconnected branches of supersymmetric solutions appear and only one of them, the case (3.43), survives when c = 0. For both supersymmetric possibilities sgn(p 0 ) = s Q = sgn(q 1 ) and depending on the charges, the scalar at infinity is bound to a certain set of possible values. If the charges, for example, satisfy (3.43) also ℑm t ∞ must belong to this interval and all the flow of the scalar in the moduli space takes place inside this confined region. By looking at the explicit form of the solutions it is possible to convince oneself that the two distinct branches of solutions cannot be connected smoothly by changing the value of the charges.
The entropy and the mass, once computed, can be written in the form:
)
The positivity of both the entropy and the mass is guaranteed by the fact that the charges are confined to the intervals (3.43), (3.44).
The study of this two-charge configuration in the rotated symplectic frame allows the analysis of the single charge configurations Q = (p 0 , 0, 0, 0) T and Q = (0, 0, 0, q 1 ) T in the original frame. For the former one should substitute in the formulae aboveq 1 = − 25 12p 0 but already here an inconsistency occurs due to the requirement sgn(p 0 ) = sgn(q 1 ) that would not be respected. Also for the other single-charge configuration, by settingp 0 = p 0 = 0, it is easy to realize that the expressions become ill-defined. This suggests that no physical BPS solutions exist for the single-charge case at hand.
Before passing to non-extremal black holes, it is worth mentioning that the Freudenthal duality equations also admit a solution that cannot be accepted, namely:
These expressions would be well defined only for charges that violate the constraint (A.48), which leads to invalid Kähler metric and Kähler potential.
This configuration corresponds to a three-charge black hole also in the original frame, according to the relations:
We solve the Freudenthal duality equations with the harmonic function H 0 set to zero. This yields:
51)
where
The expression for the physical scalar then becomes
(3.55)
The constant parts of the harmonic functions turn out to be: 57) where
The solution just displayed is a purely "quantum black hole": it diverges when c is put to zero and it is well defined only for a restricted set of values of the parameters {p 1 ,q 0 ,q 1 , ℑm t ∞ }. By looking at the expressions of the scalar and the warp factor we realize that the problematic part is the square root
that, in order to be real, needs the radicand to be bigger than or equal to zero. This condition must be considered besides the requirement that the imaginary part of the scalar should belong to the intervals (A.48) and the positivity of the warp factor. Then the allowed values of the charges can be determined by studying the behavior of solutions on the horizon whereas the allowed values for ℑm t ∞ are given by the limit at infinity (τ → 0 − ). In the end one obtains the following restrictions: On the other hand, solutions with H 1 = 0 (corresponding to the charge configurationQ = (0,p 1 ,q 0 , 0) T , Q = (0, p 1 , q 0 , − 11 2 p 1 ) T ) or with q 1 = 0 (two-charge in the unrotated frame), are physical. In the former case the scalar becomes purely imaginary ) p 1 . When instead q 1 = 0, the real part of the scalar takes a fixed value independent of parameters, namely ℜe t = − 11 10 , and the restrictions on the allowed charges become sgnq 0 = sgnp 1 and |q 0 | > 4(75/2 c) 2/3 +121 40 p 1 . The entropy and the mass for the black holes in this section can be calculated as usual, but due to the complexity of the expressions, we do not display them.
Non-extremal solutions
The expressions for the scalar and warp factor are in general very involved and this turns out to make the pursuit of non-supersymmetric black holes cumbersome. The difficulty resides in the fact that the equations for the coefficients turn out to be polynomials of a very high degree, which cannot be solved analytically.
The only non-extremal black holes that can be quite straightforwardly studied are those with the scalar assuming a constant value that extremizes the black hole potential. From the general treatment in 2.2.2 we know that for such non-extremal solutions 63) and the only quantity to calculate is the absolute value of the central charge in the stationary points of the black hole potential. In the current case it reads:
where t att is the constant value of the scalar all along the flow. So far no analytic expressions for non-supersymmetric stationary points of V bh (Z, Z * , Q) have been obtained for a general charge configuration. 12 We study the non-extremal version of (some of) the supersymmetric black holes of the previous subsections and present an example of a constantscalar non-extremal black hole built from a non-supersymmetric critical point of a system with a particular charge vector.
0 > 0, we read off from eq. (3.41) that
and by plugging it in (3.45) and (3.64) we find:
where the mass M is equal to:
With this last expression the outer and the inner entropy follow from eq. (2.83). It is worth noticing that all these formulae reduce to the extremal counterparts in the limit r 0 → 0 and for the entropy it holds S + S − = S 2 e . ConfigurationQ = (0,p 1 , 2p 1 , 0) T : For the sake of simplicity we takeq 0 = 2p 1 . The black hole potential has a charge-independent critical point (corresponding to a supersymmetric attractor) at: 
For the mass one finds:
From these expressions it is easy to see by setting c = 0 that this black hole does not reduce to a regular solution of the t 3 model.
Also in this case the stationary point of the blackhole potential does not depend on the value ofp 0 (although this time it corresponds to a non-supersymmetric attractor):
The non-extremal solution with a constant scalar is then completely characterized by
The limit r 0 → 0 gives a doubly-extremal non-supersymmetric black hole. Setting c = 0 again does not lead to a regular solution.
Of these two configurations that are both single-charge in the rotated frame, the second is one-charge also in the original frame, Q = (0, 0, 0,q 1 ) T = (0, 0, 0, q 1 ) T . The admissible critical points of the black hole potential −V bh give in each case one non-supersymmetric attractor,
which (by the analysis of eigenvalues of the Hessian matrix of −V bh with respect to t and t * , in a real basis [41, 42] ) is found to be stable. 13 Neither depends on the value of the charge. The metric function of non-extremal solutions with the constant scalar, fixed to one of the above values,
has the extremal (r 0 → 0) limit:
76) 13 In each case there are in addition multiple stationary points outside of the allowed domain. For q1 there is also one admissible saddle point of the black hole potential at t = i[(3 √ 2 + 4)
with the minus sign due to the negative τ in our conventions and the constant 1 for asymptotic flatness. The respective stationary values of the black hole potential read
the second of which does not have a finite c → 0 limit.
Conclusions
The use of the H-FGK approach has enabled us, apart from studying some model-independent properties of black-holes in four-dimensional N = 2 supergravity, to find extremal and non-extremal solutions for the t 3 model without and, for the first time analytically, with a quadratic quantum correction to the prepotential. We study the solutions for the corrected model in a symplectically rotated frame of homogenous coordinates on the scalar manifold, which simplifies the prepotential (and allows one to interpret the results as pairs of solutions for two closely related, but not mutually dual prepotentials with quadratic corrections). The formalism itself can be applied with equal ease to any charge configuration of either model, but the polynomial equations that determine the parameters make the explicit solutions unfeasible except when some charges vanish and, in the non-extremal case, when the scalar is constant.
We find that the correction leads to the appearance of solutions, which one might call quantum black holes, that do not possess a regular classical limit. Perhaps surprisingly, we find in particular that the quantum correction is sufficient to render the otherwise divergent solution with only one charge, q 1 , regular. (The other solution that is single-charge in the rotated frame, but which is not single-charge in the original frame, without the quantum correction reduces to the empty Minkowski spacetime.)
In contrast to the solutions in ref. [43] , the truncations (H M = 0 for some M ) of the H-functions corresponding to our quantum black holes are non-singular in the classical limit. This means that in our case we can construct the classical counterpart to a corrected solution with no regular c → 0 limit by simply considering the theory with c = 0, imposing the same constraints on H M and Q M , and then solving the Freudhental duality equations.
A Type II Calabi-Yau compactifications
In this appendix we review the compactification of the type IIA theory on the quintic manifold M and of the type IIB on the mirror quintic manifold W, following refs. [44, 45, 46, 47, 48, 49, 50, 51, 52] . It is well known that the low-energy limit of type II superstring theory compactified on a Calabi-Yau manifold is an N = 2, d = 4 supergravity with a number of vector multiplets and hypermultiplets that depend on the Hodge numbers of the Calabi-Yau manifold. Only the vector multiplets moduli space is relevant for the construction of black-hole solutions in these theories: black-hole-type solutions with non-trivial hyperscalars in ungauged N = 2, d = 4 theories are expected to be generically singular since they would have primary scalar hair [53] . On the other hand, in the unguaged theories, the only bosonic field the hyperscalars couple to in the ungauged theories is the metric, and, therefore, they can always be consistently truncated or, equivalently, set to some constant value.
A.1 Type IIB on the mirror quintic W
Let M be the family of manifolds associated with the vanishing of a quintic polynomial in CP 4 . An element of M has h (2,1) = 101 degrees of freedom describing the complex structure of the manifold, that can be associated with the coefficients of the defining polynomial. 14 Furthermore, h (1,1) = 1 and the only independent harmonic (1, 1)-form can identified with the Kähler form of the manifold: any other harmonic (1, 1)-form is the Kähler form multiplied by a real number, which corresponds to the freedom to adjust the overall scale of the manifold. The Euler number of a quintic manifold is χ = −200.
Let us consider the family of quintic polynomials [47, 48] 
parametrized by the complex modulus ψ, M ψ the manifold described by p ψ = 0 and M 0 ⊂ M the family of all manifolds M ψ for ψ ∈ C The family of quintic polynomials (p ψ , ψ ∈ C) is invariant under the group generated by:
where g i , i = 0, . . . , 3, acts on (x 1 , . . . , x 5 ) by multiplying the (i + 1)-th entry by the phase α = e 2πi/5 and the last entry by α 4 , so g 5 i = 1 for all i. The transformation g 0 g 1 g 2 g 3 leaves each p ψ invariant because it multiplies the homogeneous coordinates by a common phase, hence only three of the g i are independent, say g 1 , g 2 and g 3 . These three elements generate the group Z 3 5 . It turns out that the mirror family W is W = W ψ ≡ M ψ /Z 3 5 , ψ ∈ C. It can be shown that the elements of W have h (2,1) = 1, h (1,1) = 101 and χ = 200, as they must.
Since the transformation ψ → αψ can be undone by a coordinate transformation, we have that ψ ∼ αψ, thus it is ψ 5 that plays the role of the modulus that parametrizes the complex-structure moduli space of W that we denote by C (2, 1) IIB . This is in agreement with h (2,1) = 1. There are two values of ψ 5 for which M ψ (and, correspondingly, W ψ ) is singular: ψ 5 = 1 and ψ = ∞. W 1 has a single singular point given by the equivalence class [ (1, 1, 1, 1) ] and W ∞ is given by the quotient by Z 3 5 of the singular quintic
W ∞ is the large complex structure limit of W: we will see in the following section that it is the mirror of the large-radius limit of M.
We are interested in the compactification of the type IIB theory on W. The low-energy effective field theory is an ungauged N = 2, d = 4 supergravity coupled to h (2,1) = 1 vector multiplets and h (1,1) + 1 = 102 hypermultiplets that can be consistently ignored (set to some constant value). We will thus be dealing with just one complex scalar parametrizing the special Kähler manifold C (2, 1) IIB . Following ref. [51] , we can describe the complex-structure moduli space C (2, 1) IIB by the periods of the holomorphic three-form Ω over a canonical basis of H 3 (W ψ , Z), which in our case, since b 3 = 4, can be taken to be
T with the intersections
The dual cohomology basis is denoted by α Λ , β Γ and obeys
The holomorphic 3-form Ω is given by
where X Λ and F IIB Λ , which will be identified as the components of the holomorphic symplectic section
are the periods of the holomorphic 3-form with respect to the canonical homology basis
There are 4 periods, but the complex-structure manifold is one-dimensional and hence we can take the F Λ to be holomorphic functions of the X Λ . Since Ω is defined up to rescalings Ω → g(ψ)Ω, where g(ψ) is a holomorphic function of the modulus ψ, we can take the X Λ to be projective coordinates of the scalar manifold, and hence we end up with one complex coordinate, which is what we need in order to parametrize C (2, 1) IIB . Different choices of g(ψ) can be understood as different gauge choices. In addition, the periods F IIB Λ can be expressed as derivatives of a single function F IIB of the X Λ :
We will find later on that it is more natural to consider F IIB Λ as the projective coordinates and the X Λ given in terms of them. A good special coordinate in the large complex-structure limit is therefore provided by:
It can be shown [54, 55] that the components of the holomorphic symplectic section of an N = 2, d = 4 supergravity theory have to obey a set of differential identities due to the properties of the special Kähler geometry. When the theory originates from a Calabi-Yau compactification, these identities are the Picard-Fuchs equations. In our case, there is only one fourth-order Picard-Fuchs equation associated with W [54, 56] (
and its 4 independent solutions ω 0 , ω 1 , ω 2 , ω 3 can be identified with the 4 periods [52] . Eq. (A.11) is an ordinary differential equation with regular singular points at ψ 5 = 0, 1, ∞ and, hence, a system of solutions may be obtained following the method of Froebenius for such equations. At ψ 5 = ∞ one solution, ω 0 , is given as a pure power series and the other three solutions ω 1 , ω 2 , ω 3 contain logarithms, with powers 1, 2 and 3, respectively. At ψ 5 = 0 all four solutions are pure power series. We will not need the solutions at ψ 5 = 1.
The pure power series solution around
This expression has been obtained with the choice of g(ψ) normally used to study the (mirror) Landau-Ginzburg or Fermat limit ψ → 0. An expression for ω 0 in the large complex structure limit can be obtained from the one above by a gauge transformation with g(ψ) = 5ψ [56] that gets rid of the overall factor (5ψ) −1 . We will use this new gauge for both limits, since we have found no complications in using it in the Fermat limit ψ → 0. In conclusion, we take ω 0 to be
The solution around ψ = 0 can be obtained by analytical continuation of eq. (A.13):
The 5 functions 15) are also solutions, but one of them cannot be linearly independent: the ω k obey a linear relation which turns out to be
The expressions for the ω k , k = 1, . . . , 4 for |ψ| > 1, 0 < Arg(ψ) < 2π 5 are quite involved and can be found in appendix A.3.
To construct the holomorphic symplectic section Π IIB we choose a set of four linearly independent solutions, that we combine into a vectorω (also called the period vector on the Picard-Fuchs basis) 17) and then define Π IIB (ψ) by
The Kähler potential is given by
Eq. (A.19) is a very complicated function of ψ, hence some simplification limit is in order. It can be shown that in the large complex-structure limit (given by eq. (A.40)) ψ → ∞ the Kähler potential is given by: 
We perform the change of variable .24) in order to make easier the comparison with the metric of the large-radius limit of type IIA on M, which is obtained in the following section. The leading term of (A.23) becomes 25) which is, as we will see, the large-radius limit metric of the Kähler-structure moduli space, the scalar manifold of type IIA on M.
A.2 Type IIA on the quintic M and mirror map
The low-energy effective theory of of type IIA superstring theory compactified on a Calabi-Yau manifold is N = 2 supergravity coupled to h (1, 1) vector multiplets and h (2,1) + 1 hypermultiplets. The prepotential in the large compactification radius limit is given by [51] 
where κ 0 ijk are the triple intersection numbers. We take the compactification manifold to be quintic M, hence h (1,1) = 1 and h (2,1) = 101. Since, as in the type IIB case, we are only interested in the vector multiplet moduli space, we set the hypermultiplets to zero and deal solely with the complex Kähler-structure moduli space C (1,1) IIA , which is a complex one-dimensional special Kähler manifold.
If we denote by e the generator of H 2 (M, Z), the only non-vanishing triple intersection number at tree level is κ IIA . We are interested in how the loop corrections and worldsheet instanton corrections (we restrict ourselves to a two-derivative action) to eq. (A.26) affect non-extremal black-hole solutions. One can write the corrected prepotential [52] For large values of the quintic radius ℑm t ≫ 1, the non-perturbative contribution to the prepotential are exponentially small and can be ignored. The type IIB theory compactified on W is related to the type IIA one compactified on M through the mirror map, which can be expressed as a symplectic transformation of the holomorphic symplectic section with matrix N given by [52] Π where we are denoting the holomorphic symplectic section of the type IIA theory compactified on W by
(A.37) Consequently, at the supergravity level, both theories are the same theory in different coordinates and symplectic frames.
A.3 Large complex-structure limit
In this section we give the explicit expressions for the periods in region |ψ| > 1, 0 ≤ Arg(ψ) < 2π 5 , and we also obtain the large complex-structure limit [52] . The periods are given by: 38) where the coefficients are given by lengthy expressions that can be found in [52] . In the large complexstructure limit ψ → ∞ we keep the first term in the pure power expansion of eq. (A.38). We can then write a vector of coefficients: 39) in terms of which the large complex-structure limit of the period vector in Picard-Fuchs basis is written as:ω 
A.4 A simpler prepotential
As already mentioned, for large values of the quintic radius ℑm t ≫ 1, the non-perturbative contributions to the prepotential are exponentially small, so The geometry of the scalar manifold in the corrected case is quite different from SL(2, R)/U (1) of the pure t 3 model. It is not a homogeneous space and the conditions that ℑm t has to satisfy are also different: the Kähler potential is given by From the point of view of the supergravity theory, this is the only condition that the scalar needs to satisfy for the solution to be well defined. If, however, this supergravity is to be seen as an effective description of the underlying superstring theory, there are more conditions to be met by t. In particular, the prepotential (A.44) is an expansion around t → ∞, valid only inside the radius of convergence:
ℑm t > ℑm t(1) , (A. 49) where t(ψ) is the mirror map, ψ is the modulus of the mirror related theory, and the conifold point is assumed to be at ψ = 1.
